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We discuss the renormalization of the electric charge at the two-loop level in the standard model of the
electroweak interactions. We explicitly calculate the expression of the complete on-shell two-loop counterterm
using the background field method and discuss the advantages of this computational approach. We consider the
related quantity eˆ2(m), defined in the MS renormalization scheme and present numerical results for different
values of the scale m. We find that the full two-loop electroweak corrections contribute more than ten parts in
units 1025 to the Daˆ(mz2) parameter, obtaining aˆ21(mz)5128.1260.05 for Dahad(5)(mz2)50.027 572
60.000 359.
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The very high experimental precision reached at the
CERN e1e2 collider LEP and prospected at DESY TeV En-
ergy Superconducting Linear Accelerator ~TESLA! with the
GigaZ option requires a corresponding theoretical effort to
provide accurate predictions. The inclusion of higher-order
effects and a very precise knowledge of the input parameters
of the electroweak standard model ~SM! are necessary ingre-
dients of precision physics. Among the three basic input pa-
rameters usually employed, namely, a, Gm , and mz , the fine
structure constant defined at zero momentum transfer, a~0!,
is the most precise one with a relative error of 3.7 parts per
billion. However, for physics at high-momentum transfer,
such as physics at the Z resonance, the use of an effective
coupling defined at the relevant scale is more appropriate,
e.g., for the Z resonance a(mz) is more adequate than a~0!.
In pure QED the natural definition of an effective QED
coupling at the scale As ,
a~s !5
a
12Da~s ! , ~1!
Da~s !54pa Re@Pgg~s !2Pgg~0 !# , ~2!
is given in terms of the photon vacuum polarization function
evaluated at different scales.
In the full SM, the Bosonic contribution to the photon
vacuum polarization at high-momentum transfer is, in gen-
eral, not gauge invariant. Thus it cannot be included in a
sensible way in Eq. ~1!. Equation ~1! with only the Fermi-
onic contribution included is a good effective coupling at the
mz scale. However, for energy scales much higher than mz ,
which will be tested by the future accelerators, an effective
QED coupling that takes into account also the Bosonic con-
tributions can be considered.
A different definition of a QED effective coupling can be0556-2821/2004/69~7!/073007~9!/$22.50 69 0730obtained by considering the modified minimal subtraction
(MS) QED coupling constant at the scale m defined by
aˆ~m!5
a
11~2dˆ e/e !
. ~3!
Equation ~3! is expressed in terms of the finite part of the
on-shell electric charge counterterm ~i.e., with the dimen-
sional regularization pole subtracted!, which is a gauge-
invariant quantity that includes both Fermionic and Bosonic
contributions. In the background field method ~BFM!, as will
be discussed in detail in Sec. 3, the counterterm is given only
by the photon vacuum polarization diagrams, evaluated at
q250. At the one-loop level the electric charge renormaliza-
tion has been discussed in Refs. @1,2#.
In this paper we present explicit results for the electric
charge counterterm including all second-order O(a2) elec-
troweak corrections. Our calculation is performed employing
the BFM framework. The issue of the two-loop renormaliza-
tion of the electric charge in the SM was already addressed
in the usual Rj gauge quantization scheme by several papers
discussing the two-loop contributions to the mW-mZ interde-
pendence @3#. Our calculation provides the necessary ingre-
dients to define and evaluate numerically the effective pa-
rameter eˆ2(m), which is a fundamental quantity in all
precision tests of the SM.
The paper is structured in the following way. In Sec. II we
outline the calculation of the Thomson scattering amplitude,
which allows us to define the electric charge counterterm,
and present the one-loop result in the SM. In Sec. III we
discuss the main differences between the usual Rj gauge
quantization scheme and the approach offered by the BFM,
that makes manifest the possibility of a Dyson summation
also for the Bosonic contribution. In Sec. IV we present the
results of our calculation of the Thomson scattering ampli-
tude at the two-loop level and comment on the checks that
we made. In Sec. V we discuss in detail the MS parameter©2004 The American Physical Society07-1
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scattering.eˆ2(m), present numerical results for this parameter for dif-
ferent values of the scale m, and discuss the relevance at m
5mz of the contributions we have computed. Finally, we
comment on the variation of the 95% upper limit on the
Higgs boson mass induced by our new result on aˆ(mz).
II. STRUCTURE OF THE CALCULATION
The electric charge is defined in terms of Thomson scat-
tering, namely of the scattering of a fermion off a photon of
vanishingly small energy. The diagrams that describe this
process in the SM can be depicted symbolically as in Fig. 1.
As is well known in pure QED, the g-Z mixing diagram
@Fig. 1~c!# is absent while the Ward-Takahashi identity en-
sures the cancellation of the vertex contribution @Fig. 1~a!#
against the wave-function renormalization of the fermion
@Figs. 1~d! and ~e!# such that the relation between the bare
charge e0 and the conventional renormalized charge e can be
written, via Dyson summation, as
e25
e0
2
12e0
2Pgg
~ f !~0 !
, ~4!
where Pgg
( f )(0) is the Fermionic QED vacuum-polarization
function evaluated at q250.
We write in general a vector boson (V) self-energy as
PVV
mn~q2!5AVV~q2!gmn1BVV~q2!qmqn, ~5!
employing the convention that the photon vacuum polariza-
tion function is related to the transverse part of its self-
energy by
Agg~q2!5q2e0
2Pgg~q2!. ~6!
The discussion of the Thomson scattering in the full SM
when the theory is quantized employing the conventional
linear Rj gauge-fixing procedure @4# differs from the QED
case. We recall that in the Rj gauges the classical Lagrangian
is supplemented by a gauge fixing function of the form07300LRj
g.f.52
1
2j ~Fg
21FZ
212F1F2!,
F65]mWm
67ijmWf6,
FZ5]mZm2jmzx ,
Fg5]mAm ~7!
that cancels, at the tree-level, the mixing between the vector
and scalar fields. In Eq. ~7! f and x are the unphysical coun-
terparts associated to the W and Z bosons.
In the SM the radiating fermion couples both to the pho-
ton and the Z currents (Jgm ,JZm), the latter via the g-Z mixing
diagram, Fig. 1~c!. Furthermore, the theory does not satisfy a
QED-like Ward identity, namely the sum of diagrams Figs.
1~a!, ~d!, and ~e! does not add anymore to zero. Instead they
come out proportional to the third current of the weak iso-
spin J3
m[2(JZm1s2Jgm) with s2[sin2 uW , so that the part of
J3
m proportional to the Z current cancels the contribution
coming from the g-Z mixing in order to obtain a result only
proportional to the photonic current. The final result is con-
stituted by the total photon self-energy contribution ~Fermi-
onic plus Bosonic1! plus the vertex part from diagrams @Figs.
1~a!, ~d!, and ~e!# proportional to Jg
m
. At the one-loop level
we have @1#
e25e0
2H 11e02Pgg~ f !~0 !2 7e028p2 F 1n24 1ln mwm 2 121G J
[e0
2S 11 2de ~1 !
e
D , ~8!
where de (1) is the on-shell one-loop electric charge counter-
term. In Eq. ~8! the last term in the curly bracket represents
O(e02) Bosonic contributions to the charge renormalization
and in the j51 Feynman gauge three out of the seven parts
1We classify as Fermionic any self-energy diagram that contains at
least one Fermionic line while all the others are indicated as
Bosonic.7-2
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energy while the remaining four are from the vertex dia-
grams. In Eq. ~8! n is the dimension of the space-time and m
is a rescaled ’t Hooft mass according to
m→ me
g/2
~4p!1/2 . ~9!
The factor eg/2(4p)21/2 is appended to the usual ’t Hooft
mass in order to cancel some numerical constants that are an
artifact of dimensional regularization @5#. We notice that, be-
cause of the presence of nonvanishing vertex contribution,
the possibility of a Dyson summation like Eq. ~4! in the SM
with linear gauge fixing is not manifestly evident.
In general, the renormalization of the electric charge in
the SM with linear gauge-fixing requires the evaluation of
the full set of diagrams of Fig. 1 and beyond the one-loop
level it can become quite complicated although the analysis
could be somewhat simplified with an appropriate use of the
relevant Ward identity ~see Sec. IV!. However, the problem
cannot be reduced to the calculation of just the photon
vacuum polarization as in pure QED because of the lack of a
QED-like Ward identity.
III. BACKGROUND-FIELD METHOD ANALYSIS
As is well known, in a gauge theory the choice of a gauge
in order to quantize the theory can spoil in the intermediate
steps the original gauge symmetry of the Lagrangian that is
actually restored at the end when physical processes are con-
sidered. This is what actually happens when the SM is quan-
tized with the linear gauge-fixing function of Eq. ~7!. The
BFM @6,7# is a technique for quantizing gauge theories that
avoids the complete explicit breaking of the gauge symme-
try. One of the salient features of this approach is that all
fields are split into two components: a classical background
field Vˆ and a quantum field V that appears only in the loops.
The gauge-fixing procedure is achieved through a nonlinear
term in the fields that breaks the gauge invariance only of the
quantum part of the Lagrangian, preserving the gauge sym-
metry of the effective action with respect to the background
fields. As a result, the background field Green functions sat-
isfy simple QED-like Ward identities.
The application of the BFM to the SM was discussed in
Ref. @8#. A suitable generalization of the gauge-fixing term of
Eq. ~7! to the BFM that retains the gauge invariance of the
action under background field transformation can be written
as @9#
LBFMg.f. 52
1
2jQ
~Gg
21GZ
212G1G2!,
G65]mWm
67ijQmWf66i~eAˆ m2gcZˆ m!Wm
6
6i~eAm2gcZm!Wˆ m
67
i
2 gjQ@~H
ˆ 7ixˆ !f6
2~H7ix!fˆ 6# ,07300GZ5]mZm2jQmzx1igc~Wˆ m
1W2m2Wm
1Wˆ 2m!
1igjQ
c22s2
2cs ~f
ˆ
1f22f1fˆ 2!
1gjQ
1
2c ~ xˆH2H
ˆ x2vx!,
Gg5]mAm1ie~Wˆ m
1W2m2Wm
1Wˆ 2m!
1iejQ~fˆ 1f22f1fˆ 2!, ~10!
where g is the SU~2! coupling, c[cos uW , jQ the quantum
gauge parameter, and H the physical Higgs field.
The invariance of the effective action under the relevant
background gauge transformation of the background fields
allows us to write identities that have a simpler structure of
the conventional Slavnov-Taylor identities and in general do
not involve ghost fields. In particular, for the two- and three-
point functions involving the photon the following identities
hold to all orders in perturbation theory:
qmGm
g f¯ f~q , p¯ ,p !52eQ f@S f~ p¯ !2S f~2p !# , ~11!
Bgg~0 !50, ~12!
BgZ~0 !50, ~13!
where Gm
g f¯ f is the three-point function photon-fermion-
antifermion, S f is the fermion two-point function, q5 p¯1p
the photon momentum, and Q f is the charge of the fermion f
in units e. Equation ~11! is the usual QED Ward identity.
Equations ~11! and ~13! are not true in the conventional Rj
gauges, while Eq. ~12! is valid at one loop but is spoiled by
higher-order corrections. From Eqs. ~12! and ~13! and from
the analyticity properties of the two-point functions, it fol-
lows that, to all orders,
Agg~0 !50, ~14!
AgZ~0 !50. ~15!
In the Rj gauges Eq. ~14! is valid at one loop, while Eq. ~15!
does not hold. An important consequence of Eqs. ~11!–~15!
is that in the SM, when the BFM is employed, the renormal-
ization of the electric charge receives contributions only
from the photon vacuum polarization, analogously to QED.
It follows that the relation between bare charge and the
renormalized one can be written as in Eq. ~4! and the Dyson
summation is justified not only for the QED part but for the
complete SM contribution. Therefore in the SM, the relation
between e0 and e is obtained from Eq. ~4! with Pgg
( f )(0)
replaced by the complete ~Bosonic plus Fermionic! Pgg(0)
evaluated with the BFM Feynman rules for the SM. We
would like to stress that, differently from the conventional
analysis in the standard Rj gauge, the BFM approach makes
manifest the possibility of the Dyson summation also for the
Bosonic part of the vacuum polarization function, a fact al-
ready discussed in Refs. @8,10#.7-3
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Before presenting the result for the two-loop contribution
to the vacuum polarization function we briefly discuss some
interesting aspects of a two-loop BFM calculation.
The presence of two different kinds of fields, the back-
ground and the quantum ones, requires the introduction of
two different sets of Feynman rules, one for the quantum
fields that are actually identical to conventional ones, and
one for vertices where at least one background field is
present. Since the gauge-fixing term of Eq. ~10! differs from
the conventional one, Eq. ~7!, by terms that involve both
classical and quantum fields, the corresponding mixed verti-
ces are modified. In particular, because Eq. ~10! is quadratic
in the quantum fields, only vertices in which two quantum
fields are present can differ from the conventional ones, like,
for example, the gˆW1W2 vertex that acquires a jQ depen-
dence. Furthermore, the nonlinearity of the gauge-fixing
function induces a modified ghost sector with respect to the
linear Rj gauges. In a two-loop calculation both sets of Feyn-
man rules are needed. In fact, in the case of the electric
charge, the external photon is a background field and couples
to the Bosonic particles running into the loop differently
from an internal photon, which instead should be regarded as
a quantum field. A complete set of BFM Feynman rules can
be found in Ref. @8#.
The QED-like BFM identities simplify considerably the
renormalization procedure. Indeed, it is convenient to choose
a renormalization prescription that automatically respects
Eqs. ~11!–~15! and for our two-loop calculation this should
be enforced at the one-loop level. Possible subtleties of this
implementation are only related to the Bosonic sector. We
recall that in the one-loop diagrams, besides the fermions for
which we employ the usual on-shell mass renormalization,
the particles that contribute to the Bosonic part of the
vacuum polarization, Pgg
(b)(0), are the W boson, its unphysi-
cal counterpart, and the charged ghosts, whose masses
squared are mW
2 and jQmW
2
, respectively. It is then clear that
if we renormalize the masses of all these particles in the
same way, namely employing the same W mass counterterm
dmW
2 for all, Eqs. ~11!–~15!, that are satisfied at one-loop,
will be automatically preserved under renormalization. This
choice corresponds to employing a gauge fixing function
written in terms of bare parameters and fields. The tadpole
contribution needs a detailed comment. We perform the stan-
dard tadpole subtraction, namely we choose the tadpole
counterterm to cancel the complete one-loop tadpole contri-
bution. This induces an additional term in the mass counter-
term of the unphysical scalar proportional to one-loop tad-
poles. This contribution is needed to restore a topology of
two-loop diagrams canceled by our choice of the tadpole
counterterm and does not invalidate the preservation of the
QED-like Ward identity under our renormalization prescrip-
tion.
Several other prescriptions for the renormalization of the
gauge fixing part and associated ghost sector are conceiv-
able. In particular, one can add the gauge-fixing term to the
renormalized Lagrangian, so that Eq. ~10! is expressed in
terms of renormalized quantities. In this case, while the mass07300of unphysical scalar is not renormalized, a part from the
tadpole contribution, the counterterm of the charged ghost
mass becomes 12 that of W boson. However, besides a coun-
terterm for the W-f transition, several new contributions in-
volving coupling and mass counterterms are induced due to
the mismatch between the bare quantities appearing in the
classical Lagrangian and the renormalized quantities in the
gauge-fixing term. We have explicitly verified that the two
procedures give the same result. Furthermore we have also
explicitly verified the two identities, Eqs. ~11! and ~15!, at
the two-loop level in the BFM Feynman gauge, jQ51.
The BFM allows us to write the relation between the bare
and renormalized electric charge as
e25
e0
2
12e0
2Pgg~0 !
, ~16!
Pgg~0 !5Pgg~
f !~0 !1Pgg~
b !~0 !, ~17!
Pgg
~ f !~0 !5Pgg~
1 !~0 !1Pgg~
p !~0 !1Pgg~
5 !~0 !
5Pgg
~1 !~0 !1Pgg~
p !~0 !1@Pgg~
5 !~0 !2Re Pgg~
5 !~mZ
2 !#
1Re Pgg
~5 !~mZ
2 !, ~18!
where the Fermionic contribution has been separated into a
leptonic part Pgg
(1)
, a perturbative quark contribution Pgg
(p)
,
and a nonperturbative one, Pgg
(5)(0). The latter, associated to
diagrams in which a light quark couples to a photon, can be
related to Dahad
(5)(mZ2)[4pa@Re Pgg(5)(mZ2)2Pgg(5)(0)# that can
be evaluated from the experimental data on the cross section
e1e2→hadrons by using a dispersion relation2 while the
other term, Re Pgg
(5)(mZ2), can be analyzed perturbatively. The
top contribution to the vacuum polarization can be reliably
calculated in perturbation theory because of the large value
of the top mass. Similarly, two-loop diagrams in which a
light quark couples internally to the W and Z bosons allow a
perturbative evaluation. These contributions together with
the top ones are collected in Pgg
(p)(0).
We report here the one and two-loop irreducible perturba-
tive contribution to the BFM photon vacuum polarization
function evaluated at zero-momentum transfer, with the one-
loop result expressed in terms of the physical masses of the
fermions and of the W boson. We express all the results in
units 1/(16p2). The leptonic part is given by
Pgg
~1 !~0 !5
I l
~n24 !
1(
l
H 43 lnS ml
2
m2
D S 11 3a4p D 2 15a4p
2
a
4ps2 F15136 2 133 lnS mW
2
m2
D
1
1
c2
S 142s212s4D X3222 lnS mZ
2
m2
D CG J , ~19!
2For an alternative approach that evaluates directly Pgg
(5)(0) via an
unsubtracted dispersion relation, see Ref. @11#.7-4
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The perturbative quark contributions, including QCD corrections, are given by (zt[mZ2 /mt2, ht[mh2/mt2, tW[mt2/mW2 ),
Pgg
~p !~0 !5
Ip
~n24 !
1
16
9
lnS mt2
m2
D S 11 as
p
1
a
3p D 2 20as3p 2 20a9p
2Nc
a
4ps2
H 4~217140c2232c4!zt2
243c2~241zt!
1
1081~24432800c21640c4!zt1~5732840c21672c4!zt2
486c2~241zt!zt
1
4@7117zt240c2~21zt!132c4~21zt!#B0~mt
2
,mt
2
,mZ
2 !
243c2
1
2@271~237240c2132c4!zt1~34280c2164c4!zt
2#lnS mt2
m2
D
243c2zt
1
2 ln~zt!
243c2~241zt!2
@1261637zt2275zt2134zt3240c2~36120zt213zt212zt3!132c4~36120zt213zt212zt3!#
2
4@27240c2~221zt!132c4~221zt!18zt#fS zt4 D
27c2~241zt!2zt
1
4~241ht!B0~mh
2
,mt
2
,mt
2!
27c2zt
1
2~26211ht12ht
2!ln~ht!
27~241ht!ztc2
1
~2528ht!
54ztc2
2
~1024ht!
27ztc2
lnS mt2
m2
D 1 4~211ht!fS
ht
4 D
9~241ht!htztc2
2
29
36
2
8
27tw
1
379
216
tW1
7
6
tW
2 2~ tW21 !~21tW!
3S 76 B0~mW2 ,0,mt2!1 427tW B0~mt2,0,mW2 !D 1 tW~2617tW263tW
2 !
54~ tW21 !
ln~ tW!1
16292tW256tW2 263tW3
54tW
lnS mW2
m2
D
1
1
c2
S 11722 1954 s21 3581 s4D F324 lnS mZ
2
m2
D G1 13918 2 709 lnS mW
2
m2
D J , ~20!
where in the last line the perturbative contributions of the first five light quarks is collected.3
The light quark contribution Re Pgg
(5)(mZ2) has been discussed in detail in Refs. @12,13#. For completeness we report the
result:
Re Pgg
~5 !~mZ
2 !5
I5
~n24 !
14(
qÞt
Qq2F lnS mZ2m2 D S 11 asp 1 3a4p Qq2D 2 53 1S asp 1 3a4p Qq2D S 4z~3 !2 5512D G . ~21!
Finally, the terms of purely Bosonic origin are (hW[mh2/mW2 ):
3The bottom contribution includes only diagrams with the Z exchange.073007-5
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~b !~0 !5
Ib
~n24 !
27 lnS mW2
m2
D 1 232 a4ps2 H 27hW2 c4128hWc411092668s21888s42336s612c4 lnS mW2m2 D
1
~27hW
4 177hW
3 2322hW
2 1468hW172!
12~hW24 !2
ln~hW!1
~10821047s212086s421356s61216s8!
12c4~124c2!
ln~c2!
2
7~hW
2 24hW112!
12
B0~mW
2
,mh
2
,mW
2 !1
3S 3hW2121 4hWD
2~hW24 !2
fS hW4 D
2
7~2991264s22212s4148s6!
12c4
B0~mW
2
,mW
2
,mZ
2 !2
9c2~324s214s4!
2~124c2!
fS 14c2D 1 136c4~hW24 !
3@21c4hW
3 2153c4hW2 1hW~237913464s225404s412340s6!14~66424034s215689s422340s6!#J .
~22!The divergent parts of Pgg
(i) denoted by I i (i5l ,p ,5,b) are, in
units 1/(16p2),
I l5(
l
F83 1 a4ps2 S 4s21 133 1 12c2 ~124s218s4!D G ,
~23!
Ip5NcF 3227 S 11 as2p 1 a6p D
1
a
4ps2 S 2 1318 mt
2
mW
2 1
2552318s21136s4
54c2 D G ,
~24!
I55
44
9 S 21 asp D 1 35a27p , ~25!
Ib52142
a
4ps2
1252128s2
6c2
. ~26!
In Eqs. ~19!–~22! B0(s ,m1 ,m2) is the real part of the scalar
one-loop self-energy integral defined as
B0~s ,m1 ,m2!52E dx ln x2s2x~s1m12m2!1m1
m2
~27!
whose explicit expression can be found, e.g., in Ref. @14# and07300f~z !55
4A z12z Cl2~2 arcsin Az ! 0,z<1
1
l F24Li2S 12l2 D12 ln2S 12l2 D
2 ln2~4z !1p2/3G z.1,
~28!
where Cl2(x)5Im Li2(eix) is the Clausen function and l
5A121/z .
The on-shell two-loop electric charge counterterm
2de (2)/e is given by the two-loop contribution to the BFM
photon vacuum polarization function, namely the terms ex-
plicitly proportional to a ~or as) in Eqs. ~19!–~26!. We stress
that 2de (2)/e is a gauge invariant quantity that does not de-
pend on the gauge fixing procedure employed to compute it.
To check our results we have computed the two-loop am-
plitude to the Thomson scattering in two different ways.
First, we employed the BFM gauge-fixing procedure assum-
ing jQ51. In this case the amplitude is directly proportional
to Jg through
MBFM~2 ! 5
1
2q2
Agg
~2 !~0 !1
3
8q4
Agg
~1 !~0 !Agg~
1 !~0 !, ~29!
where the factors 38 and 12 take into account the wave-function
renormalization of the external photon and the superscript ~1,
2! indicates the loop order.
In the second case we have used the conventional Rj
gauge-fixing procedure with j51. In this case the vertex7-6
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tributions, proportional to Jg and to JZ , respectively. Ac-
cordingly, the total amplitude is composed by two parts, one
proportional to the photonic current MRj ,Jg
(2) and the other
proportional to the Z current MRj ,JZ
(2)
. Calling Vg ,Jg
(i) (Vg ,JZ
(i) )
(i51,2) the part of the photon vertex proportional to Jg
(JZ), analogously for the Z vertex we have
MRj ,Jg
~2 ! 5
1
2q2
Agg
~2 !~0 !1
21
2q2mZ
2 AgZ
~1 !~0 !AZg~
1 !~0 !
1
3
8q4
Agg
~1 !~0 !Agg~
1 !~0 !1Vg ,Jg
~2 ! 1
1
2q2
Vg ,Jg
~1 ! Agg
~1 !~0 !
1
21
mZ
2 VZ ,Jg
~1 ! AZg
~1 !~0 !, ~30!
MRj ,JZ
~2 ! 5
21
mZ
2 AZg
~2 !~0 !1
21
2mZ
2q2
AZg
~1 !~0 !Agg~
1 !~0 !
1
1
~mZ
2 !2
AZZ
~1 !~0 !AZg~
1 !~0 !1Vg ,JZ
~2 !
1
1
2q2
Vg ,JZ
~1 ! Agg
~1 !~0 !1
21
mZ
2 VZ ,JZ
~1 ! AZg
~1 !~0 !.
~31!
We have verified that MBFM(2) 5MRj ,Jg
(2)
. To achieve this the
two-loop vertex corrections Vg ,Jg
(2) are needed. To shortcut the
calculation one notices that Vg ,Jg
(2) 51/s2Vg ,JZ
(2) because the
photon vertex should be proportional to J3 . The part of the
photon vertex proportional to JZ can be obtained from Eq.
~31! since the conservation of the electric charge requires
MRj ,JZ
(2) 50. We recall that at the two-loop level, in the
’t Hooft-Feynman gauge, Eqs. ~14! and ~15! are not valid. In
fact, the two terms in
1
2q2
Agg
~2 !~0 !1
21
2mZ
2q2
AgZ
~1 !~0 !AZg~
1 !~0 ! ~32!
show individually a 1/q2 pole when q2→0. However, they
cancel each other so that the total amplitude is regular at
q250.
V. PARAMETER eˆ2mZ
The relation given by Eq. ~16! allows us to determine one
of the fundamental parameters of the MS renormalization
scheme, eˆ2(mZ), i.e., the MS electric charge defined at scale
mZ . The MS renormalization procedure is defined as the
subtraction of pole terms of the form (n24)2m, where m is
4We include in the vertex corrections also the wave function
renormalization of the external fermions.07300an integer >1, and the identification of the ’t Hooft param-
eter m @actually the rescaled one of Eq. ~9!# with the relevant
mass scale, in this case mZ . One can slightly modify this
basic procedure by implementing the decoupling of heavy
particles @15,16#, namely by absorbing the contribution of
particles with mass greater than mZ in the definition of
eˆ2(mZ), in particular the contribution of mt . At the two-loop
level eˆ2(mZ) contains also a dependence on mh , whose 95%
C.I. direct search lower limit, mh.114.4 GeV, is greater
than mZ . However, because both the top and the Higgs are
partners of isodoublets, their O(a2) decoupling requires a
specific matching procedure between the two theories above
and below their mass values. In the present paper we do not
implement the decoupling of heavy particles.
In order to obtain the relation between eˆ2 and e2, one
writes e0
25 eˆ2/Zˆ e in Eq. ~16!, and uses the counterterms
present in Zˆ e to cancel the (n24)21 terms in the regularized
but unrenormalized vacuum polarization function Pgg(0)
setting m5mZ in the explicit expressions @see Eqs. ~19!–
~22!#. Without implementing any decoupling we have
Zˆ e511
aˆ
4p ~I l1I t1I51Ib!
1
n24 ~33!
so that
e25
eˆ2~mZ!
11~ aˆ/a!Daˆ~mZ
2 !
, ~34!
with
Daˆ~mZ
2 !
524pa@Pˆ gg
~1 !~0 !1Pˆ gg~
p !~0 !1Pˆ gg~
b !~0 !#
1
a
p F5527 1S 11aˆs~mZ
2 !
9p 1
35aˆ~mZ2 !
108p D S 551224z~3 ! D G
1Dahad
~5 !~mZ
2 !, ~35!
where Pˆ gg
(i) is the self-energy expression subtracted of its
divergent I i /(n24) term with m set equal to mZ .
Equation ~35! can be easily solved for eˆ2, obtaining
eˆ2~mZ!5
e2
12Daˆ~mZ
2 !
. ~36!
The determination of eˆ2(mZ) requires the specification of
the hadronic contribution Dahad
(5)(mZ2). Several evaluations of
this important parameter have been presented over the last 15
years @17#. In our numerical analysis we use the recent de-
termination by Jegerlehener @18#,
Dahad
~5 !~mZ
2 !50.027 57260.000 359, ~37!
that together with the following values ~in GeV! for the fer-
mion masses me50.000 511, mm50.105 658, mt51.777,
mt5174.3, and for the gauge bosons mZ591.187, mW
2
580.43 yield, for mh5150, Daˆ(mZ2)50.065 0560.000 36
corresponding to aˆ215128.12260.054.7-7
G. DEGRASSI AND A. VICINI PHYSICAL REVIEW D 69, 073007 ~2004!In Table I we present separately the various contributions
to Daˆ(mZ2). The perturbative contribution of the first five
light quarks has been indicated by Pgg
(5)(0)uEW . The different
contributions are shown at the one- and at the two-loop level.
In the latter case, the QED and QCD contributions were
already discussed in Ref. @16#. We have checked, in the lep-
ton and in the top case, that the appropriate subset of dia-
grams from our result reproduces the numbers presented in
Ref. @16#. Concerning the two-loop EW diagrams involving a
top quark, approximate results including all terms of order
O(a2mt2/mW2 ) were already available @19# and could also be
reproduced.
The largest contributions are due to light fermions ~lep-
tons and quarks! exchanging massive vector bosons and have
both positive sign. In contrast the two-loop purely Bosonic
diagrams have negative sign and are smaller in size. Their
contribution grows, in absolute value, with mh but remains
always small: for mh5400 GeV it reaches 22.57 in units
1025. The top quark contributions deserve a detailed com-
ment. The inclusion of the full two-loop EW corrections
makes the result tiny, canceling to a large extent the
O(a2mt2/mW2 ) part. In fact, the expansion of the two-loop
EW corrections in powers of mt
2 is sensible asymptotically
@20# for very large values of mt ; only in this regime, when
the top Yukawa coupling is much larger than the gauge cou-
plings, the terms O(a2mt2/mW2 ) are a good approximation of
the full results. In contrast, for realistic values of mt , the
‘‘subleading’’ terms are as large as the leading ones and can-
not be neglected. The fact that a large cancellation occurs
should be considered fortuitous.
TABLE I. Numerical results for Daˆ(mz2), expressed in units
1025. The input parameters are specified in the text. Different per-
turbative contributions are presented.
One loop
Two-loop
QCD
Two-loop
QED
Two-loop
EW full
Leptons 3529.2 7.66 10.18
Bosons 2140.7 21.79
Top 2133.7 8.66 0.19 0.08
Pgg
(5)(0)uEW 4.56
Re Pgg
(5)(mz2) 473.4 22.39 20.04
Dahad
(5)(mz2) 2757.2
Total 6485.4 6.27 7.81 13.0307300The size of the full two-loop EW results is more than ten
parts in units 1025 and almost half of it is due to purely
electroweak effects. These results are comparable to the error
given in the so-called ‘‘theory-driven’’ analyses of
Dahad
(5)(mZ2) which yield, for instance Dahad(5)(mZ2)50.027 63
60.000 16 @21#.
The gauge invariant inclusion of the Bosonic contribu-
tions in the definition of the effective running coupling is
relevant when we consider high-energy processes, like the
ones that will be studied at the LHC or at TESLA. In Table II
we present the value of eˆ2(m) for m5300, 500, 800, 1000
GeV. We employ the same value for the hadronic contribu-
tions, i.e., Eq. ~37!, and include the full one- and two-loop
results for the perturbative part.
VI. CONCLUSIONS
We presented the results of the calculation of the complete
two-loop electroweak corrections to the Thomson scattering
amplitude, which allowed us to fix the electric charge coun-
terterm in the on-shell scheme.
We emphasized the advantages offered by the BFM for
the quantization of the theory, both from the theoretical and
from the computational point of view. In particular, the BFM
makes manifest the possibility of Dyson summation for the
complete photon vacuum polarization function.
We studied the effective MS coupling eˆ2(m) and evalu-
ated it numerically for different values of the scale m. In
particular, for eˆ2(mZ), the effect of the two-loop EW correc-
tions is twofold: ~i! they shift the central value and ~ii! re-
duce the theoretical perturbative uncertainty on its determi-
nation, which is now pushed at the three-loop level.
Concerning the first point, the indirect Higgs boson mass
determination from a global fit to all electroweak precision
observables is very sensitive to the precise input value for
eˆ2(mZ). In fact, a variation of the central value of eˆ2(mZ) by
531025, that can be taken as the difference between the
value of eˆ2(mZ) determined including the complete two-loop
electroweak corrections and that obtained including only the
two-loop QED part, gives a reduction in the 95% upper limit
for the Higgs mass O~6–8! GeV.
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nonperturbative hadronic contributions is added to the one-loop results.
m @GeV# One loop1NP Two-loop QCD Two-loop EW full Total aˆ21 ~m!
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